), interference between the associated lag times can be expected to affect the synchronization dynamics and thus the communication efficiency. Here, we study experimentally this phenomenon in a simplified setting, using as a model system two semiconductor lasers coupled optically via two paths of different lengths. When the coupling strengths along the two paths are comparable, the synchronization lags corresponding to the two paths are seen to coexist in the synchronized dynamics. The dependence of this phenomenon on the coupling ratio is studied, and its impact on the chaos communication efficiency, is examined.
I. INTRODUCTION
Semiconductor lasers are excellent model systems for nonlinear dynamical studies, because they can be easily controlled experimentally, theoretical models exist that reproduce closely their behavior, and they exhibit a wide variety of dynamical regimes when perturbed by optical injection, modulation of their pump current, or feedback. 7 Coherent optical feedback, in particular, is well known to induce fully developed chaotic dynamics in the laser (known as coherence collapse), and also a highly structured chaotic regime consisting of sudden intensity dropouts from an otherwise stable emission state, followed by a slower recovery. 8 This latter regime occurs over time scales of tens to hundreds of nanoseconds, much larger than the characteristic time of the laser itself, and is thus termed low-frequency-fluctuation (LFF) regime. 9 This is the dynamical scenario that will be used in what follows.
Another characteristic of semiconductor lasers that makes them highly attractive for dynamical system studies is the natural manner in which they can be coupled to one another, forming networks of interacting dynamical elements. Coupling can be accomplished optoelectronically, by modulating the pump current of a laser with the electrical signal of a photodetector that measures the light emitted by another laser, [10] [11] [12] or more simply in a purely optical manner, by injection (coherent or incoherent) of a laser's output light into another. [13] [14] [15] Given the fast temporal scales (on the order of picoseconds) with which semiconductor lasers operate, the time taken by the coupling signals to travel between the lasers (typically larger than nanoseconds) cannot be usually ignored, and thus interacting lasers become instances of delay-coupled dynamical systems. 16 Within that context, a unidirectional coupling configuration in which the light emitted by a chaotic laser is injected into a second laser (which is stable in the absence of injection) readily exhibits synchronization with a time lag equal to the coupling delay time, in such a way that the emitting laser leads over the receiver. Two semiconductor lasers bidirectionally coupled via mutual injection of their emitted light fields also synchronize their dynamics in a generalized way (which for bias currents close to threshold can take the form of low-frequency fluctuations induced by the coupling itself) with a lag time corresponding to the coupling delay time. In this case, the sign of the lag depends on the relative frequencies of the lasers: the device with higher frequency leads the dynamics, whereas if the two lasers have the same frequency, the sign of the lag alternates randomly in time, in what constitutes a spontaneous symmetry breaking. 18 This random switching is known to impair substantially the ability of the coupled laser system to transmit information. 19 Isochronal synchronization can be obtained if the coupling time is tuned adequately. 20, 21 Few studies exist so far involving more than two lasers coupled optically. Three-laser systems have been shown experimentally to undergo a route to synchronization via clustering, 22 while theoretical studies have addressed the collective behavior of higher numbers of coupled lasers. 23, 24 The tendency is to move towards larger systems that can be used as experimental models of complex networks of dynamical elements. 1 An outstanding issue in these networks is how information is transmitted between pairs of nodes. Usually multiple paths exist connecting a given pair of nodes, and thus (if the speed of the coupling signals cannot be neglected) multiple coupling delays are involved in the communication between them. In those conditions, it is not clear what type of synchronized dynamics we should expect: Will one of the two coupling delays dominate and lead to a consistent lag between the lasers? If so, under what conditions will that happen? And what will be the dynamics when none of the two delays is dominant? Will the synchronization lag alternate irregularly between the two delays, similarly to the lag alternation found between two mutually coupled lasers? 18, 19 In order to address these questions, here, we study experimentally a minimal model system consisting of two optically coupled semiconductor lasers connected unidirectionally via two distinct paths, with different coupling delays. The emitter laser is led to operate in the chaotic lowfrequency-fluctuation regime, due to optical feedback. This chaotic dynamics is transmitted simultaneously down the two coupling paths towards the other laser, which operates in a continuous-wave regime when uncoupled from the emitter laser. Injection from the emitter leads to chaotic dynamics in the receiver, synchronized with that of the emitter with a lag that depends on the coupling conditions. When one of the two coupling paths prevails upon the other, in terms of the relative amount of light travelling through them, the delay time associated to the prevailing path dominates, becoming the synchronization lag between the dynamics of emitter and receiver. On the other hand, when no path dominates over the other, a state of dual-lag synchronization emerges in which the two coupling delays coexist in the synchronized dynamics of the two lasers.
Our experimental setup allows us to systematically investigate these regime of dual-lag synchronization as a function of the relative coupling strength. Numerical simulations of a delay-differential model further allow us to examine the phenomenon in a wide parameter regime and interpret its existence. Finally, the influence of this lag coexistence on the ability of the system to transmit information is examined both experimentally and numerically. The paper is organized as follows. Section II contains a description of the experimental setup. The experimental results obtained are shown in Sec. III, followed by a description of the theoretical model and its simulation in Sec. IV. Finally, the ability of the system to transmit information in the presence of two distinct communication paths is discussed in Sec. V.
II. EXPERIMENTAL SETUP
A schematic diagram of the experimental setup is shown in Fig. 1 . Two semiconductor lasers (Mitsubishi ML925B45F) with a nominal wavelength k n ¼ 1550 nm are coupled unidirectionally, with LD1 being the emitter and LD2 the receiver. The temperature and pump current of the lasers are controlled with an accuracy of 0.01 C and 0.01 mA, respectively, and are adjusted such that the optical frequencies of LD1 (with its feedback; see below) and LD2 (with injection) are as similar as possible to each other. distinct delays, with s 1 ¼ 65 ns for path 1 and s 2 ¼ 97 ns for path 2, corresponding to fiber lengths of 12 and 18 m, respectively. In order to control the relative influence of the couplings, we introduce variable optical attenuators in the two paths. The reduction of the threshold current of laser LD1 due to its feedback is 4.2%. The reduction of the threshold current of laser LD2 due to the injection through path 2 is 0.89%, and the one due to injection through path 1 ranges from 1.86% to 0.05%. The laser intensities are captured by high-speed fiber photodetectors with a bandwidth of 2 GHz (DET01CFC). The electrical signals received are amplified, using 2 GHz high-speed amplifiers (Femto), and sent to a 1-GHz-bandwidth oscilloscope (Agilent DS06104A) and a power spectrum analyzer (Anritsu MS2651B). Due to the relatively small bandwidth of the detectors, we are only able to show the slower dynamics of the system, which is enough for our study.
III. EXPERIMENTAL RESULTS
Due to the delayed feedback mentioned above, the laser LD1 oscillates chaotically in a regime of low-frequency fluctuations. This chaotic behavior is injected into LD2 via the two different paths described in Sec. II. In those conditions, synchronization between the two lasers can be achieved when one or both paths are switched on, provided the transmission strength is large enough. In order to characterize the quality of synchronization between emitter and receiver, and to determine which coupling delay time (if any) dominates the synchronized dynamics, we calculate the cross-correlation function between the (filtered) time series of the light detected by the two photodiodes,
The left plots in Fig. 2 show the cross-correlation function between the two laser outputs for varying levels of coupling in the two paths. Figure 2 (a) corresponds to the case where path 2 is blocked; accordingly, the highest cross-correlation peak occurs at s 1 , which means that laser LD1 leads LD2 with a lag equal to s 1 . In plots (b) to (e) the path 2 is open with a relatively low attenuation, while the attenuation of path 1 is progressively increased, until that path is completely blocked in Fig. 2(e) . Correspondingly, a peak in the crosscorrelation function at s 2 (which is the the flight time along path 2) appears and eventually dominates in the crosscorrelation function. For an intermediate value of the attenuation [10 dB, Fig. 2(c) ] the two paths are approximately equivalent and the cross-correlation function exhibits two coexisting global maxima at s 1 and s 2 , separated by a shallow valley whose small relative depth is a consequence of the filtering of the time series, as we can verify from simulations of the theoretical model described below. In this regime, no single coupling delay dominates over the other, but they both coexist in the synchronized dynamics of the system. Note that the value of the cross-correlation at this two time lags is on the order of 0.75, corresponding to a significant level of synchronization (in the two single-path limits-plots (a) and (e)-the cross-correlation scarcely reaches 0.80).
In order to establish the nature of the lag-coexistence scenario revealed in Fig. 2 (c) (in particular, to determine if this regime corresponds to a lag alternation similar to that occurring in two mutually-coupled lasers 18 ), we plot in the right panels of Fig. 2 Fig. 2(c) ], the dropouts of LD2 are qualitatively different. In principle, one could expect that in this lag-coexistence regime, a fraction of the LD2 dropouts would follow LD1 with a delay s 1 , and the rest would follow LD1 with delay s 2 . This, however, is not what happens, as shown in the time series plotted in Figs. 2(g) and 2(h). In this figure, the dropout of LD2 (red line) consists of a first fall in intensity that follows LD1 with a delay s 1 , after which the intensity of LD2 remains approximately constant for a short instant, until finally there is a second fall in intensity that follows the original LD1 dropout with a delay s 2 . This behavior is consistent for all LD2 dropouts. Thus, although the cross-correlation function is here similar to the case of two bidirectionally coupled lasers, which also has two peaks, this does not imply that the dynamical behavior is the same. In the case of bidirectional coupling, the two peaks in the cross-correlation imply a (random) alternation in time between the leader and laggard role of the dynamics, and not a modification of the shape of the dropouts, as happens in the dual-lag synchronization regime occurring in this case. In panels (a) and (f) only path 1 is switched on, while in panels (e) and (j) only path 2 is activated. The attenuation of path 2 is constant and equal to 5 dB in panels (b)-(e) and (g)-(j), while the attenuation of path 1 is 5 dB in panels (a) and (f) and (b) and (g), 10 dB in panels (c) and (h), and 15 dB in panels (d) and (i).
IV. NUMERICAL SIMULATIONS
In order to verify the nature of the dual-lag synchronization regime described above, it would be helpful to increase the difference in the two coupling paths, which should increase the duration of the plateau between the two falls in the intensity of LD2 that we interpret to be occurring during the LD2 dropouts, and which would give rise to the lagcoexistence observed in the cross-correlation function. However, technical reasons prevented to vary in a systematic manner the delay times, since laser coupling was made by optical fibers, and we would need to have a sufficiently large number of fibers of increasing length. In order to circumvent this requirement, we resorted to numerical simulations of the system, which is known to be accurately described by the Lang-Kobayashi model for moderate feedback strengths and single-mode operation (conditions which approximately hold in our experiment). The generalized Lang-Kobayashi model that we use is the following:
where subindex i ¼ 1,2 denotes lasers LD1 and LD2, respectively, while subindex j ¼ 1,2 represents each of the two paths going from LD1 to LD2. E i (t) is the electric field and I i (t) ¼ jE i (t)j 2 is the intensity of each laser, while N i is the corresponding carrier number and x i the free-running optical frequency. Here, we consider a detuning Dx ¼x 1 À x 2 ¼ 15.89 GHz between the lasers, with x 1 being the frequency corresponding exactly to k ¼ 1550 nm. The laser gain is given by G i ¼ g(N i À N 0 ) (assumed linear), where N 0 denotes the carrier number at transparency and g is the differential gain, both of which are assumed equal for the two lasers (gain saturation is neglected because the lasers operate close to threshold). c represents the inverse photon lifetime and a the linewidth enhancement factor; both are also assumed to be the same for the two lasers. The second term in the right-hand side of Eq. (2) is the feedback term, with associated feedback delay time s f and feedback strength j f . The second term in Eq. (3) is the coupling term, with coupling delay times s j and coupling strengths j j , for the two paths j ¼ 1,2. The last term in these two equations corresponds to the spontaneous emission noise, represented by a Gaussian white noise n i (t) of zero mean, with spontaneous emission rate b. The carrier density Eq. (4) , and the pump current relative to threshold, I p =I th , is also assumed equal for the two lasers).
The parameters used in the numerical simulations are given in Table I . For these parameters, the emitter laser operates in the LFF regime. Figures 3(a)-3(e) shows the numerically computed cross-correlation functions between the filtered time series of the lasers, and Figs. 3(f)-3(j) reproduce the corresponding time traces. In order to simulate the experimental filter (due to the relatively small bandwidth of our experimental setup) we filter the output intensities with a fourth-order Butterworth filter with a cutoff frequency of 100 MHz. The numerical results displayed in the figure qualitatively reproduce the experimental results. In particular, the simulations show that in the dual-lag synchronization regime [ Figs. 3(c) and 3(h) ], the LD2 dropouts consist of two intensity falls occurring at times s 1 and s 2 after the corresponding LD1 dropout, separated by a plateau. Numerical simulations also allow us to examine the dynamics at an arbitrary temporal resolution. In the absence of filtering, the crosscorrelation function exhibits more clearly defined peaks, but the dual-lag synchronization behavior is not evident in the unfiltered time series (results not shown). Table I .
In order to verify that the plateau in the LD2 dropout shown in Fig. 3(h) is not an artifact, we increased substantially in the numerical model the difference between the two coupling delays. The result of this test is displayed in Fig. 4 , which shows the time traces of a pair of corresponding dropouts for two different values of s 2 : 165 ns in plot (a) and 265 ns in plot (b), while s 1 ¼ 65 ns in the two cases. Note that when we increase the coupling time of path 2, the plateau of the LD2 dropout increases correspondingly. Thus, these simulations show clearly that the dual-lag dynamics is due to combined dropouts in LD2, consisting of two falls at the two lag times separated by a plateau.
V. CHAOTIC COMMUNICATIONS
Many studies have addressed the transmission of information between two chaotic lasers coupled unidirectionally via a single path. In this section, we want to study the viability of chaotic communications when the coupling between the lasers is done via two different paths, in the light of the dual-lag synchronization scenario described above. First we ask if the experimental setup presented in Fig. 1 above is able to filter a periodic signal introduced in the emitter laser, even in the case of dual-lag dynamics. This filtering mechanism is called chaos-pass filtering. 15, 25 As shown in Fig. 5 , when a periodic modulation of frequency 1.20 MHz is applied to the pump current of the emitter laser, the receiver laser filters out the modulation, and no corresponding peak in the power spectrum of the laggard laser can be observed. Note that this experimental result is obtained in the dual-lag regime (i.e., both paths are equally synchronized).
Once we have seen that chaos-pass filtering is possible between two semiconductor lasers unidirectionally coupled through two lag times, we now ask for the viability of 
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Dual-lag synchronization in lasers Chaos 21, 043102 (2011) recovering a message for the different setup configurations (i.e., only one path or both switched on). Figure 6 displays numerical results that evaluate the effectiveness of the message recovery for different values of
, when a nonperiodic signal (specifically, a return-to-zero bit train) is introduced in the pump current of laser LD1. The message is introduced with an amplitude equal to 2.5% of the pump current and is decoded by subtracting the light emitted by the two lasers, taking into account the delay between the signals. The subtracted signal is filtered with a fourth-order Butterworth low-pass filter. In order to quantify the effectiveness of the recovered message, we calculate the success rate between the input and the output messages, as the fraction of bits are successfully recovered by LD2. To compute this quantity, the output message is binarized by defining a threshold, such that when the recovered message is larger than this threshold we assign a "1" and when it is smaller we assign a "0." The left panel of Fig. 6 displays the success rate for varying values of the coupling asymmetry between the two paths, Dj j , and for three different values of the difference between coupling delays. The maximum value of the success rate occurs for sufficiently large coupling strength asymmetry, which corresponds to a situation in which standard single-lag synchronization occurs, and the choice of time shift to be applied in the message recovery is simple. As we approach the dual-lag regime, on the other had, the success rate diminishes sharply. Thus, even though the receiver laser exhibits good chaos-pass filtering capabilities in the case of dual-lag synchronization, the coexistence of two lags in this case prevents the system from recovering the message. The time traces corresponding to three specific values of the coupling strength asymmetry (the two single-lag extremes and the dual-lag case) are shown in the right panels of Fig. 6 . As expected, when the difference between the coupling delay times diminishes the success rate increases, because the interference effects degrading message recovery diminish.
VI. CONCLUSIONS
We have examined the synchronized dynamics of two semiconductor lasers coupled unidirectionally via two different paths. The emitter laser operates in an intrinsically chaotic regime in the form of irregularly occurring power dropouts (low-frequency fluctuation regime), which generates chaotic behavior in the receiver. Our experimental results have revealed a transition a regime in which the synchronized dynamics is dominated by path 1, and another one dominated by path 2. In the transition region where both synchronization takes place via the two paths, two lags corresponding to the two coupling delays coexist, as shown by the crosscorrelation function. Our experiments and numerical simulations have shown that this dual-lag synchronization regime does not consist in an alternation between the two lags, as happens usually in mutually coupled semiconductor lasers, 18, 19 but in a dynamics through which the power dropouts of laser LD2 are formed by two falls in the laser intensity, occurring after the two coupling lags, separated by a plateau. This dynamical regimes does not prevent the receiver laser from performing chaos-pass filtering of an input modulation in the emitter laser's output but does prevent a successful recovery of the message. It would be interesting to extend this type of study first to the case of bidirectional coupling via two paths (where we can expect bidirectionality to interact in a nontrivial way with the path interference mechanism reported here), and second to the case of information propagation through complex networks, in which pairs of nodes are commonly coupled via multiple paths of different lengths, and thus with different coupling delays.
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